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Abstract - This work describes a simulation tool being 
developed at UPC to predict the microwave nonlinear behavior 
of planar supercoiiducting structures with very few restrictions 
on the geometry of the planar layout. The software is intended 
to be applicable to most structures used in planar HTS circuits, 
including line, patch, and quasi-lumped microstrip resonators. 
The tool combines Method of Moments (MOM) algorithms for 
general electromagnetic simulation with Harmonic Balance 
algorithms to take into account the iionlinearites in the HTS 
material. The Method of Moments code is based 011 a 
discretization of the Electric Field Integral Equation in Rao, 
Wilton and Glisson Basis Functions. The multilayer dyadic 
Green's function is used with Sommerfeld integral formulation. 
The Harmonic Balance algorithm has been adapted to this 
application where tlie nonlinearity is distributed and where 
compatibility with tlie MOM algorithm is required. 
Tests of tlie algorithm in TMolo disk resonators agree with 
closed-form equations for both the fundamental and third-order 
intermodulation currents. Simulations of hairpin resonators 
show good qualitative agreement with previously published 
results, but it is found that a finer meshing would be necessary 
to get correct quantitative results. Possible improvements are 
suggested. 
Index Terms - Nonlinar distortion, Method of Moments, 
Harmonic Balance, planar structures. 
I. INTRODUCTION 
Significant efforts are being made in the miniaturization of 
planar High Temperature Superconducting (HTS) filters to 
facilitate packaging and cooling, as well as to save substrate 
area [1]-[3]. These efforts are largely based on findmg 
resonator shapes with small footprints, low resonant 
frequencies and high Qs. As a consequence, current densities 
in these resonators tend to be higher than those in standard 
resonator topologies. High current densities generate 
nonlinear effects in the HTS materials, which give rise to 
intermodulation products and degradation of the frequency 
response of the filters. Predicting these effects is complicated 
due to the difficulty of analyzing the nonlinear effects in the 
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convoluted shapes that miniature resonators have. We are 
currently working on a simulation tool that may help filter 
designers predict the nonlinear effects in a planar 
superconducting filter [4]. It should allow designers to vary 
the shapes of the resonators, to change the coupling among 
them, and to see how these changes affect the nonlinear 
properties of the filter. This tool combines routines for 
electromagnetic simulation of planar circuits based on the 
Method of Moments (MOM) [SI with Harmonic Balance 
(HB) routines that are normally used for the simulation of 
lumped-element circuits containing nonlinear components. 
The Method of Moments calculates the surface current 
density on the planar metal (or superconducting) layout. In 
its standard (linear) version, the method can take into account 
the local surface impedance of the material (Z,) to relate the 
surface current density to the electric field. Similarly, the 
MOM-HB version that we propose allows for local nonlinear 
relations between surface current density and electric field. 
Furthermore, these relations need not be homogeneous 
throughout the HTS surface. 
11. LINEAR ANALYSIS 
A linear electromagnetic analysis of a planar circuit can be 
performed by relating the tangential components of incident 
and scattered electric fields to the surface currenl 7, (7 )  on 
the metals or superconductors in the circuit via [6]: 
where Z, is the linear surface impedance of the materials. 
The scattered fields generated by the induced current 
j,(?)can be expressed in terms of vector and scalar 
potentials as: 
so the equation to solve is [6]: 
The potentials A(r) and @ ( I )  include information about 
the medium in which the planar layout is embedded (i.e, the 
effects of the various dielectric layers, ground plane, 
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radiation, etc.) in their respective Green functions GA( 7 I 7' ) 
and G ~ ( 7 1 7 ' ) :  
(4) 
According to ( 3 )  and (4), the incident fields (those 
produced by the signal source in the absence of the metallic 
or superconducting layout) are related to the unknown 
induced surface currents through a linear operator LEJ: 
As result ,we can express ( 5 )  in matrix form as: 
-E, =ZJ (6) 
by applying the Method of Moments [SI. To do this, we 
decompose 7,,(7) in b o ,  Wilton and Glisson (RWG) linear 
triangle basis functions [7] and use the Galerkin Method with 
identical RWG testing functions [4]. 
To solve (6) we compute, store and invert the impedance 
matrix 2. This is viable as long as the number of unknowns 
is small. If a larger number of unknowns were necessary to 
enhance the spalial resolution, we could use one of the 
different available iterative techniques, like the conjugate 
gradient (CG) or biconjugate gradient (BiCG), which 
combined with the multilevel matrix decomposition 
algorithm [8] have been shown to be particularly efficient in 
the analysis of planar structures in multilayered media [9]. 
This would allow us to obtain good results, with low 
computational requirements, in large problems. 
111. NONLINEAR ANALYSIS 
As detailed in [lo], we assume that the electric field 
generated by a superconductor can be expressed in the time 
domain as a fu~ictiori of the current density and its derivates. 
This is a very general assumption, and includes most of the 
specific cases cited in the literature, like a penetration depth 
that depends on the current density, or a surface resistance 
that depends on the RF magnetic fjeld [11],[12]. This 
dependence can be split in two terms, one gathering all the 
linear dependence, and a second including the nonlinearities: 
Fig. 1. Scheme for the MOM-HB algorithm. Uppercase variables: 
frequency domain, lowercase: time domain. Direct and inverse Fast Fourier 
Transform (FFT) are used to convert one to another. 
(7) 
The linear contribution in (7) is considered through the 
surface impedance Z, in a standard MOM electromagnetic 
analysis that is performed previous to the consideration of the 
nonlinear effects in the material. In this paper, we will 
assume that the nonlinear term in (7) follows the form: 
to be consistent with the work in [lo]. This is a simple form 
modeling a departure from linearity in the resistive and 
reactive parts of the surface impedance, and is also 
sufficiently general to be compatible with most published 
nonlinear HTS models [11],[12].Because of this non-linear 
behavior, when the device is excited with one or more 
harmonic signals, several new frequency components of the 
field may appear. All these can be understood as new 
contributions to the incident field at frequencies different 
form those of the signal source(@. So, in the frequency 
domain, each one of these K+l components can contribute 
to the signal under analysis and has to satisfy the following 
equation: 
-ET +E:, = Z k  , J k  k = O  ... K (9) 
To solve the nonlinear problem we have used the HI3 
algorithm [13], which is an iterative method based on 
calculating the linear response using (9) in the frequency 
domain and the nonlinear one using (8) in the time domain. 
Transformations between domains are performed by direct 
and inverse FFT. The iterative process [4] begins by 
considering the linear solution J of (6) as the initial current 
vector. Fig. 1 shows the evolution of the process. 
Convergence is reached when the error is under a previously 
defined threshold. 
IV. DISK RESONATOR 
In order to test the performance of the method of analysis 
proposed we consider a TMolo disk resonator on LaA103. 
There are two reasons that make this mode very adequate for 
this verification. The f i s t  is that there are no sharp variations 
in the current distribution, so the numerical results should not 
be very sensitive to the size of the mesh used for the MOM 
calculations. The second reason is that simple closed-form 
equations can be found to calculate the amplitude of the 
fundamental and spurious signals and compare these with the 
numerical results. 
We excite a disk resonator with two fundamental tones fi 
and fit 1 KHz apart, to ensure that both are within the 
resonance band of the TMolo mode. It can be shown that the 
maximum value of current density for a disk resonator 
operating in the TMolo mode is 
40 I 
where PO is the availablc power in the source, p and QL are, 
respectively, the coupling factor and the loaded quality factor 
obtained from the fi-equency response of Uie disk, wo 
(=wl=02 ) is the resonarit frequency, h the thickness of the 
dielectric and R the disk radius. 
At the same time, if’ we assume a quadratic dependence on 
the current density for the non-linear functions an/(;) and 
b,,, ( j )  of (x), that is, 
the current density maximum for the third order 
intermodulalion product 2fi-fi is [lo] 
To find realistic values for Ax, we have followed the 
procedure outlined in [lo] to derive an equation relating Ax, 
with the parameter jIMD used in [14]. The value of Ax, used in 
our simulations has been chosen to correspond to a typical 
value of jIMD of lo7 A/cm2 [14]. We also choose Ar,=woAx, 
to set the value of Ar,. According lo (12), this makes the 
contribution ol‘ Ar, to the intermodulation current equal to 
that of Ax,. 
Fig. 3 shows the current density for the third order 
intermodulation product 2f-fi. The radial distributions of the 
current density for one of the fundamental harmonics and for 
the third order intermodulation product 2fifr-fi are plotted in 
Fig. 4. 
Comparing maximum values of current density in Fig. 4 
with (10) and (12), we find a relative error below 5% in the 
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Fig. 4. Radial cuiTent deiisity of the fuiidamental and third-order spurious 
obtained with MOM-HB. Deviations from theoretical values are smaller 
than 5 and 10% respectively. 
fundamental tone and 10 % for the intermodulation product. 
There are no significant changes in the numerical results 
when the size of the mesh is reduced beyond that which 
corresponds to 700 meshing triangles in the whole disk. This 
suggests that the meshing size is adequate to analyze this 
distributed nonlinear problem with a reasonable 
computational burden. A single-frequency simulation with 
about 700 meshing triangle on a Pentium I1 PC running at 
550 MHz takes about 50 seconds. 
v. HAIRPIN RESONATOR 
We have analyzed hairpin resonators to test the 
performance of our software when simulating different 
resonant modes in a given structure. In the test configuration 
described in [14], the even and odd resonant modes in these 
resonators show very different behavior. 
Fig. 5 shows the resonator layouts and the intermodulation 
current density for the value of Ax, used in the previous 
section (in this section, Ar, is made zero to be consistent with 
the model used in [14]). 
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Fig. 
TMolo disk resonator with a diameter of 50.8” and Ats = 2.8 
(s2.m2)/A2, Ax,=3 10~’’ (H.III’)/A’. 
3. Current density of the third-order iiiteImodulation product in a 
Fig. 5. CutTent deiisity of the third-order intermodulation product i n  a 
microstrip hairpin resonator with Ars = 0, Axs=3 (I-I.ni2)/A2. The 
layout and other experimental features correspond to those used in [14]. Thc 
through line is omitted in this figure to enhance the detail of the cunent 
density distributions. Note that current maxima are placed at the inner 
edges in the smaller resonator (1&2), and on the outer edges in  the 
resonator with 1=h. 
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Fig. 6 .  Simulated intermodulation power produced by two hairpin 
resonators HS a fuuctioii of the gap between the two hairpin lines. Results 
are normalized with respect to the power produced when the gap is 800pm 
wide. Data marked with circles corresponds to a resonator with Ish (even 
mode); diamouds correspond to a resonator with 1&2 (odd mode). 
Fig. 6 shows the normalized values of intermodulation 
power at the load (PzMD) of several simulations varying the 
spacing (s) between the anns of the resonator. This is made 
for the Arst odd (Z=N2) and the first even @=A) resonant 
modes. As found in [14], there is not a significant 
dependence of the intermodulation power on the gap spacing 
for the even mode, whereas a much stronger dependence is 
found in the odd mode. According to Fig. 6, the normalized 
value of‘ PrMD for the odd mode increases as the spacing g is 
reduced. This indicates that the nonlinear effects in this 
mode are stronger than those in the even modes, in agreement 
with the experimental results in 1141. This is due to the 
different field configurations in the modes, which makes 
current densities in the odd modes much higher than those in 
the even modes. These maxima occur at the inner edges of 
the hairpin structure in even modes, and at the outer edges in 
odd modes. These features are reproduced in the current 
distributions shown in Fig. 5. 
Even though the qualitative results are correct, a finer 
meshing is still needed to obtain good quantitative data. The 
intermodulation power P z ~ ~  changes by a factor of five when 
the meshing size is increased by a factor of two. We have not 
gone beyond using eight cells in a cross section of a 400pm 
wide microstrip line, and we do not expect to get accurate 
results unless our mesh size around the current maxima is on 
the order of the penetration depth. Our future work will be 
geared towards adequate meshing strategies permitting an 
efficient operation of this software on a PC computer. 
VI. CONCLUSIONS 
We have tested our current version of MOM-HB software 
in several types of planar microwave resonators. 
One of the test structures is a disk resonator, for which one 
can derive closed-form equations that relate the material 
parameters with the intermodulation power produced by the 
resonator. We have found good agreement between the 
simulations and the theoretical results. Also, the current 
distribution is smooth and this facilitates the meshing of the 
structure for the MOM algorithm. We have not found a 
strong dependence of our simulations with the meshing size, 
provided that this is sufficiently fine. 
Two hairpin resonators have also been simulated: one 
resonating in an even mode, and another in an odd mode. 
The qualitative trends in [14] (a much stronger nonlinear 
behavior of the odd mode resonator) have been reproduced. 
However, the current in these resonators has sharp peaks at 
the edges of the microstrip lines, which make meshing 
difficult. Our quantitative results still depend too strongly on 
the meshing size, and we are looking for ways to solve this. 
Reducing the meshing size increases the computational 
burden, and we try to keep this low enough to be done by a 
PC computer. Possible solutions might be found by using 
the methods mentioned in Sect. I1 . 
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